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Abstract A new method is proposed to connect the orthometric height datum of island far
from mainland with measurements of both ship-borne gravimetry and GNSS along the ship
route connecting these datums. The methodology of route height datum connection is
based on the astronomical leveling principle. The effect of the deflection of the vertical
(DOV) error and the ellipsoidal height difference error are major factors on the precision of
the orthometric height connection. To improve the computational accuracy of DOVs along
the ship route, the collinear adjustment is used to improve the accuracy of the gravity
measurements and GNSS ellipsoidal heights. The remove-restore technique in conjunction
with the measured DOVs on the mainland and island is used to improve the estimation
accuracy of the DOVs along the ship route. The least squares collocation method is used to
estimate the residual DOVs. The covariance of gravity anomalies and cross-covariance
function between gravity anomalies and DOVs are derived from the disturbing potential
spherical harmonic expansion. The optimal partition number is also studied for the high
precision orthometric height connection across sea. Finally, we use the proposed method to
connect the orthometric height datum point on Qingdao coast in Shandong Province of
China with the datum point on Caoyu coast in Fujian Province of China.
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1 Introduction
The plane datum unification between mainland and island can be achieved to some extent
due to the global navigation satellite system (GNSS). However, the theory and practice of
height datum unification across sea still have some limitations. Because of the sea surface
slope (Rummel and Teunissen 1988), the local mean sea level is not an equipotential
surface and cannot be used in the height datum unification across sea. Traditionally, there
are many methods practiced for height unification across sea, e.g. GPS leveling, geometric
leveling, hydrostatic leveling, and trigonometric leveling method (Li and Jiang 2001). The
accuracy of height differences from GPS leveling depends mainly on the accuracy of the
underlying geoid model. The rather limited length of the sight-line between the level and
the staff imposes restrictions on the use of the geometric leveling method for across sea
measurements. Due to the refraction of the optical sight-line, the accuracy of trigonometric
leveling method cannot be maintained for long distances. Hydrostatic leveling is a method
to utilize an elastic tube filled with liquid laid over the water body to be bridged. Precise
hydrostatic leveling is technically sophisticated because of the air-bubbles effects in the
tube. This method is no longer feasible mainly due to its high cost and high sensitivity to
temporal and spatial changes in the environmental condition (Liibusk 2013).
Various methods and theories, among which the key issue is how to determine the
potential differences or height differences between different height datums, have been
developed to unify or connect the height datum across sea. Because the mainland and the
island are separated by the sea, it is impossible to directly measure the potential difference
by the precise leveling in conjunction with gravimetry as commonly used on the mainland.
Using the gravity field model and satellite altimetry information (Mather et al. 1978) or
combining satellite and terrestrial data (Heck and Rummel 1990) can determine the
potential differences of benchmarks thousands of kilometers away. These two methods
depend primarily on the quality of the reference gravity field model. The solution of the
linear geodetic boundary value problem (GBVP) can be used to determine the geoid height
difference of vertical datums (Rummel and Teunissen 1988; Nahavandchi and Sjo¨berg
1998). However, this method requires the use of the local height datum to determine the
gravity anomaly. The GOCE-geoid (Rummel 2012; Gerlach and Rummel 2013) combining
with satellite altimetry or space positioning, geodetic leveling and modified GBVP can be
used for the global height system unification. However, the solution requires the avail-
ability of at least one geodetic reference station with known orthometric height and
ellipsoidal height. The solution of the linearized fixed-gravimetric boundary value problem
can be used to determine the gravity potential difference between two local height datums
(Sacerdote and Sanso 1989; Fei and Sideris 2001; Li et al. 2003; Yu et al. 2003; Zhang
et al. 2009). This method needs more gravity data over large areas, and it can be much
time-consuming and costly (Guo et al. 2014). The height datums can also be unified by
determining the offset of vertical datums using gravimetric geoid combining with GPS data
(Goldan and Seeber 1994; Kumar and Burke 1998; Pan and Sjo¨berg 1998; Pouttanen 1999)
or by determining the offset between a local geoid and a global gravity potential model
(Bursˇa et al. 1999, 2001, 2004) using GPS/leveling data. Note that the gravimetric geoid
still needs measurements over a reasonably large area to smooth the high frequency gravity
components. Xu et al. (2009) proposed a virtual leveling method which uses gravity data
and GNSS measurements with the same datum. This method uses the first difference of
geoidal undulation rather than the absolute geoidal height when calculating the potential
difference, which facilitates to remove the absolute error of the geoid degrading the
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precision of the height determination. But the global geoid model has a border effect near
the coastlines because of the low quality of marine data and the differences between the
terrestrial and oceanic gravity data. The global geoid model usually has systemic errors
near the coastlines (Huang et al. 2005).
In this study, we aim to present a method to connect the long-distance height datums
across sea based on the astronomical leveling principle. The methodology on orthometric
height connection across sea and the possible parameter errors as well as their effects on
the accuracy of orthometric height connection are discussed in Sect. 2. The deflection of
the verticals (DOVs) along the ship route, which are computed based on the remove-restore
technique and least squares collocation (LSC) method, are studied in Sect. 3. A case study
using the proposed method is shown in Sect. 4. Finally, the study is briefly summarized in
Sect. 5.
2 Methodology
2.1 Orthometric height connection across sea
The fundamental formula for the astronomical leveling principle (Heiskanen and Moritz
1967) is
DNAB ¼ NB  NA ¼ 
ZB
A
h ds; ð1Þ
where DNAB is the geoid undulation difference between stations A and B. NA and NB
represent the geoid undulations of stations A and B, respectively. s is the distance along the
direction of AB in the geoid. h is the DOV component along the direction of AB on the
geoid, which can be written as
h ¼ n cosaþ g sina; ð2Þ
in which n and g represent the meridian and prime vertical components of the DOV on the
geoid respectively. a is the azimuth of AB. In Eq. (2), DOV is the value located on the
geoid. However, DOVs cannot be measured on the geoid. Instead, they are measured on
the ground and directly substituted into the astronomical leveling principle to compute the
geoid undulation difference between A and B, and the result is reduced to the geoid
(Heiskanen and Moritz 1967) as following
DNAB ¼ 
ZB
A
h ds 
ZB
A
g  c0
c0
dH þ gB  c0
c0
HB  gA  c0c0
HA; ð3Þ
where g is the gravity measured at the surface of the Earth, c0 is the normal gravity of the
ellipsoidal corresponding to the 45 of Northern Latitude, HA is orthometric height of the
datum A, HB is orthometric height of the datum B, and gA and gB are the mean gravities of
the datum A and B at the surface of the Earth to the corresponding geoid along the plumb
lines, respectively. In practice, Eq. (3) is discreted to
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DNAB ¼
Xn
i¼1
DNi ¼ 
Xn
i¼1
hisi 
Xn
i¼1
gi  c0
c0
DHi þ gB  c0c0
HB  gA  c0c0
HA; ð4Þ
in which n stand for partition number along ship route, hi, si and gi are the DOV, distance,
and mean gravity for the i-th segmentation respectively. DNi is the geoid undulation
difference between the i-th station and the (i-1)-th station. DHi is the difference of
orthometric height between the i-th station and the (i-1)-th station. As shown in Fig. 1, DHi
is estimated according to the relationship of orthometric height H, ellipsoidal height h, and
geoid height N as
DHi ¼ hi  Nið Þ  hi1  Ni1ð Þ ¼ Dhi  DNi i ¼ 2; 3; . . .; nð Þ; ð5Þ
where Dhi is the difference of ellipsoidal height derived from the GNSS measurements for
the i-th segmentation. The distance of the i-th segmentation consists of many small seg-
mentations ðDsi0 Þ, and Dhi consists of many small ellipsoidal height differences, i.e.
Dhi ¼
Pp
i0¼1
Dhi0 p ¼ si=Dsi0ð Þ. Substituting Eq. (5) into Eq. (4), we can get
DNAB ¼ 
Xn
i¼1
hisi þ gi  c0c0
Dhi  gB  c0c0
HB  gA  c0c0
HA
 
=n
 
1  gi  c0
c0
 1
;
ð6Þ
So the orthometric height difference between datum A and B is
DHAB ¼ HB  HA ¼ hB  NBð Þ  hA  NAð Þ ¼ DhAB  DNAB
¼ DhAB
þ
Xn
i¼1
hisi þ gi  c0c0
Dhi  gB  c0c0
HB  gA  c0c0
HA
 
=n
 
1  gi  c0
c0
 1
:
ð7Þ
The gravity values measured on datum A and B denote gA and gB, respectively. Because
A and B are located near the coasts (Fig. 1), their orthometric heights are very small.
Therefore, when Eq. (4) is used in the orthometric height connection across sea, it is safe to
assume that gA  gA and gB  gB. The equation DhAB ¼ hB  hA ¼
Pn
i¼1
hi is theoretically a
check condition. Then the orthometric height equation of HB is
Fig. 1 The orthometric height connection across sea
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HB ¼
HA þ DhAB þ
Pn
i¼1 hisi þ gic0c0 Dhi þ
gAc0
c0
HA
n
 
1  gic0c0
 1
Pn
i¼1
1
n 1 þ gBc0c0 1 
gic0
c0
 1 
¼
HA þ
Pn
i¼1 hisi þ Dhi þ gAc0c0
HA
n
 
1  gic0c0
 1
1 þPni¼1
gBc0
c0
1gic0c0
 1
n
: ð8Þ
2.2 Accuracy analysis
In order to connect the height datum across sea, it is necessary to determine the gravity
anomalies, DOVs, ellipsoidal heights, and the segment length along the ship route in
Eq. (8). The height connection route is divided into n segments in the summation of
Eq. (8). Based on the error propagation theory and the assumption that the measurements
of all segments are independent, the error of HB can be written as
m2HB ¼
Pn
i¼1 s
2
i 1  gic0c0
 2
1 þPni¼1
gBc0
c0
1gic0c0
 1
n
0
@
1
A
2
m2hi þ
Pn
i¼1 1  gic0c0
 2
1 þPni¼1
gBc0
c0
1gic0c0
 1
n
0
@
1
A
2
m2Dhi
þ
Pn
i¼1 h
2
i 1  gic0c0
 2
1 þPni¼1
gBc0
c0
1gic0c0
 1
n
0
@
1
A
2
m2si
þ
Pn
i¼1 hisi þ Dhi þ HAn gAc0c0 
gBc0
c0
  
1
c0
1  gic0c0
 2 2
1 þPni¼1
gBc0
c0
1gic0c0
 1
n
0
@
1
A
4
m2gi ; ð9Þ
where mHB , mhi , mMhi , msi and mgi represent the orthometric height error of B, the error of
DOV component along AB, ellipsoidal height difference error, distance error and the mean
gravity anomaly error for the i-th segmentation, respectively.
When the ship is travelling at the sea surface, gravities and ellipsoid coordinates are
measured by gravimeter and GNSS receiver at the same time. The ellipsoidal heights Hai of
ship-borne GNSS antenna for the i-th segmentation can be precisely determined with the
kinematic positioning method under the condition of approximately constant ship speed
and stable sea state by the ship-borne GNSS receiver and antenna (Guo et al. 2014). The
draft depth becomes lower due to the oil consumption. Therefore, to determine the sea
surface heights (SSHs) precisely along the route, it is necessary to continuously record the
distances between the GNSS antenna and the sea surface for each epoch. The SSH Hi is
estimated according to the relationship between the distance Hai and the distance Hasi,
which is the vertical distance from the GNSS antenna to the sea surface for the i-th
segmentation
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Hi ¼ Hai  Hasi: ð10Þ
The ship-borne gravity is affected by various factors, such as temperature, air pressure
and Heutte Wisch effect which are caused by the moving ship. To reduce these effects, the
ship-borne gravimeter is usually fixed in one gyro system. The gravity anomalies can be
precisely measured with a resolution of 1–2 km. To reduce the space reduction errors, the
distances between the gravimeter and the sea surface must be precisely measured. One
pose meter is fixed on the ship to measure the roll, yaw and pitch. To reduce the noises
caused by wind and wave, the Gauss filter is used to filter the gravity data. The collinear
adjustment method is also used to improve the accuracy of the gravity measurements (Guo
et al. 2014).
The errors in ship-borne gravimetry and GNSS measurements along the ship route are
inevitable for orthometric height connection across sea. The effect of DOV error, ellip-
soidal height difference error, measured gravity error, and distance error of each seg-
mentation on the precision of orthometric height connection across sea respectively is
researched according to Eq. (9). In general, DOVs do not exceed 2000 on the sea surface,
the ellipsoidal height differences are less than 5 m, the gravity anomalies are less than
200 mGal, and the normal gravity is about 980 Gal (Guan and Ning 1981; Guo et al. 2013,
2014). So the research is conducted under c = 980 Gal, gA  c0A ¼ gB  c0B ¼ g  c
= 200 mGal, h = 2000, Dh = 5 m. The connection distance across sea is assumed to be
100 km. The length for each segmentation is changed from 1 km to 100 km with a 1 km
step. Because the DOVs along the ship route are very small on the sea surface, the
precision of DOV is set from 0.100 to 2.000 with a 0.100 increment for each segmentation. One
double-frequency GNSS receiver is used to acquire GNSS data, and post processing is
made to estimate precisely the GNSS antenna height. Then the height is reduced to the sea
surface. To further improve the accuracy of the orthometric height connection, the Gauss
filter is used to filter the difference between the GNSS SSHs and the averaged sea surface
height model such as DTU10MSS (Andersen 2010) thus the noises which are caused by
wind and wave are filtered. Collinear adjustment can further improve the accuracy of SSHs
by 5 cm, and the accuracy of the ellipsoidal height difference is better than 3.5 cm (Guo
et al. 2014). The precision of ellipsoidal height difference is set from 10 to 30 mm with
1 mm increment for each segmentation along the ship route. The root mean squared error
of ship borne gravity is about 3 mGal by analysis of crossover coincident value (Huang
et al. 2005). To reduce the gravimetric errors caused by the ship locations, the post
processing of ship borne double frequency GNSS data is made to precisely estimate the
ship positions, which can make the gravimetric errors better than 0.5 mGal (Guo et al.
2014). The precision of the measured gravity errors is set from 10 mGal to 30 mGal with a
1 mGal step for each segmentation along the ship route. Because the DOV is very small on
the sea surface ship route, the effect of each segment distance errors for the orthometric
height connection is very limited. For example, when the deflection of the vertical is 2000
and the accumulated distance error is 20 m, the orthometric height connection error is
1.8 mm. The precision of distance along the ship route is set from 0.10 to 1.00 m with a
0.10 m step along the ship route for each segmentation. When calculating the effect of one
error on the precision of orthometric height connection across sea, the other three errors are
set to be a constant, e.g. mh ¼ 1:000, mDh = 10 mm, ms = 0.2 m and mg = 10 mGal. The
result is shown in Fig. 2.
Figure 2a shows the effect of DOV errors on the determination of orthometric height
connection across sea. Obviously, the orthometric height connection precision is decreased
with the DOV errors becoming large. However, the changed amplitude of DOV errors on
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orthometric height connection precision is varied with respective to the length of each
segmentation. The basic regularity of the changed amplitude is that the changed amplitude
gradually becomes big with each segment length becoming long. For example, the pre-
cision of DOV for each segment of 2.0 km is changed from 2.000 to 0.100, the orthometric
height connection precision is improved from 154.30 to 71.09 mm whose improving rate is
1.17. While the precision of DOV for each segment of 50 km is changed from 2.000 to 0.100,
the precision of orthometric height connection precision is improved from 685.76 to
37.08 mm whose improving rate is 17.49. Figure 2b shows the effect of ellipsoidal height
difference errors on the precision of orthometric height connection across sea. The
orthometric height connection precision is deduced with the ellipsoidal height difference
errors becoming large. And also the changed amplitude of the ellipsoidal height difference
errors for the orthometric height connection precision is varied with different lengths of
each segmentation. But to the contrary of the DOV errors, the effect of ellipsoidal height
difference errors for the changed amplitude is gradually becoming small with the distance
of each segmentation becoming long. For example, the precision of ellipsoidal height
difference for each segment of 2.0 km is changed from 30 to 10 mm, the orthometric
height connection precision is improved from 222.95 to 98.53 mm whose improving rate is
1.26. While the precision of ellipsoidal height difference for each segment of 50 km is
changed from 30 to 10 mm, the precision of orthometric height connection is improved
from 345.42 to 343.1 mm whose improving rate is 0.01. Figure 2c shows that, the effect of
gravimetric errors on the orthometric height connection first becomes small then becomes
large with the length of each segmentation becoming short. Fixing the length of each
Fig. 2 The effect of DOV error ((a) with mDh 10 mm, ms 0.2 m and mg 10 mGal), ellipsoidal height
difference error ((b) with mh 1:0
00, ms 0.2 m and mg 10 mGal), measured gravity error ((c) with mh 1:000,
mDh 10 mm and ms 0.2 m), and distance error ((d) mh 1:0
00, mDh 10 mm and mg 10 mGal) of each segment
on the precision of orthometric height connection across sea
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segmentation a constant, the orthometric height connection errors are almost unchanged
with respective to the gravimetric errors. Keeping the length of each segmentation a
constant, the maximum varied value of orthometric height connection error is less than
1 mm with the gravimetric error changing from 10 to 30 mGal. Figure 2d shows that, the
effect of each segment distance errors on the orthometric height connection first become
small then become large with each segmentation length becoming short. Keeping the
length of each segmentation a constant, the orthometric height connection errors are almost
unchanged with respective to each segment distance errors. When the segmentation length
is equal, the orthometric height connection errors in Fig. 2c, d almost look the same. It
means that the effect of gravimetric errors and each segment distance errors on the
orthometric height connection precision is very small, and is far less than the effect of each
segmentation length on the orthometric height connection precision. The effect of each
segmentation length on the orthometric height connection errors first becomes small then
becomes large with the length of each segmentation becoming short.
The above analysis shows that only choosing the optimal length of segmentation
according to the estimated DOV errors and ellipsoidal height difference errors, we can get
the best results for orthometric height connection across sea.
2.3 Optimal partition number
According to Sect. 2.2, the choice of the optimal partition number plays an important role
in achieving the high precision orthometric height connection across sea. The effect of
gravimetric error and segment distance error on the orthometric height connection preci-
sion across sea is very small according to Eq. (9). The effects of the DOV error of each
segmentation and the ellipsoidal height difference error are the main factors on the
orthometric height connection precision according to the analysis of Sect. 2.2. Therefore,
the Eq. (9) can be simplified as
mHB
2 
Pn
i¼1 s
2
i 1  gic0ic0i
 2
1 þPni¼1
gBc0B
c0B
1gic0ic0i
 1
n
0
@
1
A
2
m2hi
Pn
i¼1 1  gic0ic0i
 2
1 þPni¼1
gBc0B
c0B
1gic0ic0i
 1
n
0
@
1
A
2
m2Dhi ð11Þ
Assuming the lengths of each segmentation si are the same, the relationship between the
total distance l and partition number n is s ¼ l=n. Solving Eq. (11), n can be written as
n¼
1þ gBc0Bc0B 1
gc0
c0
 1 2
m2HB þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ gBc0Bc0B 1
gc0
c0
 1 4
m4HB 4m2Dh 1 gc0c0
 2
l2m2h 1 gc0c0
 2s
2m2Dh 1 gc0c0
 2 :
ð12aÞ
In general, the gravity anomalies are\200 mGal and the normal gravities are about 980 Gal.
Under the assumption that g  c0 ¼ gB  c0B ¼ 200 mGal and c0 ¼ c0B ¼ 980000 mGal,
Eq. (12a) becomes
n ¼ m2HB þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
m4HB  4m2Dhl2m2h
q 
= 2m2Dh
 
: ð12bÞ
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If the total distance l is assumed to be 1000 km, the relationship between the partition
number and orthometric height connection errors is shown in Table 1.
From Table 1, the optimal partition number ranges from 110 to 510 provide that the
accuracy of ellipsoidal height difference for GNSS measurement is better than 3.0 cm and
the accuracy of the DOV for each segmentation is better than 1.000. So, the partition
numbers 100, 200, 400 and 500 are chosen in practical case calculation, which means the
length of each segment is 10, 5, 2.5 and 2.0 km, respectively.
Table 1 Relationship between
the partition number and the
precision of orthometric height
connection
Symbol ‘‘–’’ means that the
results 4m2Dhl
2m2h are bigger than
the results m4HB , so it exceeds the
range of calculation
mDh (mm) mHB (m) mh (arc second)
0.100 0.300 0.500 1.000 1.500
10 0.20 390 340 – – –
0.25 620 590 510 – –
0.30 900 880 830 – –
0.35 1220 1210 1170 990 –
0.40 1600 1590 1560 1440 1130
0.45 2020 2010 2000 1900 1720
15 0.20 170 – – – –
0.25 280 240 – – –
0.30 400 380 320 – –
0.35 540 530 490 – –
0.40 710 700 680 500 –
0.45 900 890 870 770 –
0.50 1110 1100 1090 1010 830
20 0.25 150 110 – – –
0.30 220 200 – – –
0.35 300 290 250 – –
0.40 400 390 360 – –
0.45 500 500 470 330 –
0.50 620 620 600 510 –
0.55 760 750 740 670 480
25 0.30 140 110 – – –
0.35 190 180 110 – –
0.40 260 240 210 – –
0.45 320 310 290 – –
0.50 400 390 380 250 –
0.55 480 480 460 390 –
0.60 580 570 600 500 –
30 0.40 180 160 130 – –
0.45 220 210 190 – –
0.50 280 270 250 – –
0.55 340 330 320 210 –
0.60 400 390 380 320 –
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3 Calculation of DOVs along the ship route
To calculate the orthometric height of B, one needs the value of DOVs, ellipsoidal heights
and gravity values for each segmentation along the ship route and the orthometric height of
A according to Eq. (8). The ellipsoidal height and gravity can be obtained directly from
ship-borne GNSS measurements and gravimetric data. The DOVs, on the other hand,
cannot be determined using the mentioned techniques. As discussed in Sect. 2, the DOV
error has large impact on the orthometric height connection. Unfortunately, it is difficult to
measure DOV accurately on the route of the ship. However, it is possible to measure the
gravities accurately. The DOVs along the ship route can then be computed according to the
relationship between DOV and gravity. To improve the accuracy of DOVs along the ship
route, the remove-restore technique (Rapp and Rummel 1975) is used to compute the
DOVs. The long wave length part of earth gravity model DgGMi is removed from the
measured gravity anomaly Dgi: The remaining residual gravity anomaly Dg
res
i , which is
related to the residual DOV components nresi and g
res
i ; is computed for the i-th segment.
The residual DOV components nresi and g
res
i are then added back to the model DOV
components nGMi and g
GM
i to restore the DOV components ni and gi of the i-th segment.
Model gravity anomalies and model DOVs can be calculated by a precise earth gravity
field model such as EGM2008 (up to degree 2190) (Pavlis et al. 2012). The residual DOV
components nresi and g
res
i can be estimated from the residual gravity anomaly Dg
res
i for the
i-th segment using the LSC method (Heiskanen and Moritz 1967). The LSC is especially
suitable for the calculation of the regional high frequency data, which may have limited
amount of data. The formula is
X ¼ CXL CLL þ Dð Þ1L; ð13Þ
where X is the signal vector to be estimated. L is the observation vector. CXL represents the
cross-covariance function between the observations and signals. CLL denotes the covari-
ance function of observations. D is the noise matrix. Substituting the measured gravities,
the covariance function of gravity anomalies and the cross-covariance function between
gravity anomalies and DOV components into Eq. (13) and assuming the noise matrix D is
zero, the formula of residual DOVs components can be written as,
nres1
  
nresk
2
64
3
75 ¼
cov n1;Dg1ð Þ    cov n1;Dgj
 
        
cov nk;Dg1ð Þ    cov nk;Dgj
 
2
664
3
775
cov Dg1;Dg1ð Þ    cov Dg1;Dgj
 
        
cov Dgj;Dg1
     cov Dgj;Dgj
 
2
664
3
775
1
Dgres1
  
Dgresj
2
64
3
75
gres1
  
gresk
2
64
3
75 ¼
cov g1;Dg1ð Þ    cov g1;Dgj
 
        
cov gk;Dg1ð Þ    cov gk;Dgj
 
2
664
3
775
cov Dg1;Dg1ð Þ    cov Dg1;Dgj
 
        
cov Dgj;Dg1
     cov Dgj;Dgj
 
2
664
3
775
1
Dgres1
  
Dgresj
2
64
3
75
8>>>>>>><
>>>>>>>:
;
ð14Þ
where j or k are the numbers of observation or signal values in a subgroup computation.
The most important step in Eq. (14) is the computation of the gravity anomalies covariance
function and the cross-covariance function between the gravity anomalies and the DOV
components, which are conventionally computed by an empirical covariance function.
Different regions have different parameters in the empirical covariance function, which
restricts the application of the empirical covariance function. In this contribution, the
disturbing potential spherical harmonic expansion is used to derive the covariance and
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cross-covariance function. The spherical harmonic expansion of the Earth’s disturbing
potential T (Rapp and Cruz 1986) is
T ¼ W  U ¼ GM
r
X1
n0¼2
a
r
 n0Xn0
m0¼0
C

n0m0 cos m
0kþ Sn0m0 sin m0k
 
Pn0m0 cosHð Þ; ð15Þ
where W and U are gravity potential and normal gravity potential of the Earth, respec-
tively, r;H; k is the polar coordinate of a datum point, a is the major axis of the Earth
ellipsoid n’ and m’ are degree and order of the spherical harmonic expansion of the Earth’s
disturbing potential T, and Pn0m0 is the fully normalized Legendre function,
C

n0m0 ¼ Cn0m0  C
0
n0m0 ; m
0 ¼ 0; n0 ¼ 2k0 k0  1 integerð Þ
Cn0m0 ; others
	
;
Cn0m0 and Sn0m0 are the fully normalized earth gravity potential coefficients, and C
0
n0m0 is the
fully normalized normal ellipsoid potential coefficient, GM is the geocentric gravitational
constant. According to the relationship between the DOV components, gravity anomalies and
the disturbing potential, the Bruns equation and DOV components equation can be written as,
Dg ¼  oT
or
 2
r
T
n ¼ 1
cr
oT
oH
g ¼  1
cr sinH
oT
ok
8>>><
>>>:
: ð16Þ
Substituting Eq. (15) into Eq. (16), we can get (Heiskanen and Moritz 1967)
Dg¼GM
r2
X1
n0¼2
a
r
 n0Xn0
m0¼0
C

n0m0 cosm
0kþSn0m0 sinm0k
 
Pn0m0 cosHð Þ
n¼ 1
cr
oT
oH
¼ 1
cr
GM
r
X1
n0¼2
a
r
 n0Xn0
m0¼0
C

n0m0 cosm
0kþSn0m0 sinm0k
 dðPn0m0 cosHð ÞÞ
dH
g¼ 1
crsinH
oT
ok
¼ 1
crsinH
GM
r
X1
n0¼2
a
r
 n0Xn0
m0¼0
m0 Cn0m0 sinm
0kSn0m0 cosm0k
 
Pn0m0 cosHð Þ
8>>>>><
>>>>>:
:
ð17Þ
Let a
r
 n0
cos m0kPn0m0 cosHð Þ ¼ An0m0 , ar
 n0
sin m0kPn0m0 cosHð Þ ¼ Bn0m0 , ar
 n0
cos m0k
dðPn0m0 cosHð ÞÞ
dH ¼ Dn0m0 , ar
 n0
sin m0k dðPn0m0 cosHð ÞÞ
dH ¼ En0m0 , ar
 n0
m0 sin m0k Pn0m0 cosHð Þ
sinH ¼ Mn0m0 ,
and a
r
 n0
m0 cos m0k Pn0m0 cosHð Þ
sinH ¼ Nn0m0 , then Eq. (17) becomes (Heiskanen and Moritz 1967)
Dg ¼ GM
r2
X1
n0¼2
Xn0
m0¼0
An0m0C

n0m0 þ
X1
n0¼2
Xn0
m0¼0
Bn0m0Sn0m0
 !
n ¼ GM
cr2
X1
n0¼2
Xn0
m0¼0
Dn0m0C

n0m0 þ
X1
n0¼2
Xn0
m0¼0
En0m0Sn0m0
 !
g ¼ GM
cr2
X1
n0¼2
Xn0
m0¼0
Mn0m0C

n0m0 
X1
n0¼2
Xn0
m0¼0
Nn0m0Sn0m0
 !
8>>>>><
>>>>>:
: ð18Þ
Acta Geod Geophys (2017) 52:357–373 367
123
The standard deviation of Earth’s gravity potential coefficients are denoted as rCn0m0 and
rSn0m0 , which can be determined from the earth’s gravitational model. Thus the covariance
function of the gravity anomalies and the cross-covariance function between the gravity
anomalies and the DOV components for two arbitrary datum points P and Q can be
calculated according to the error propagation theory, then Eq. (18) becomes
COV DgP;DgQð Þ ¼ GM
r2P
GM
r2Q
X1
n0¼2
Xn0
m0¼0
APn0m0r
2
Cn0m0
AQn0m0 þ
X1
n0¼2
Xn0
m0¼0
BPn0m0r
2
Sn0m0
BQn0m0
 !
COV DgP; nQ
  ¼ GM
r2P
GM
cQr
2
Q
X1
n0¼2
Xn0
m0¼0
APn0m0r
2
Cn0m0
DQn0m0 þ
X1
n0¼2
Xn0
m0¼0
BPn0m0r
2
Sn0m0
EQn0m0
 !
COV DgP;gQð Þ ¼ GM
r2P
GM
cQr
2
Q
X1
n0¼2
Xn0
m0¼0
APn0m0r
2
Cn0m0
MQn0m0 þ
X1
n0¼2
Xn0
m0¼0
BPn0m0r
2
Sn0m0
NQn0m0
 !
8>>>>><
>>>>>:
:
ð19Þ
Since the factors that affect the DOVs are complicated and the DOVs are influenced by
unknown factors besides the measured gravity anomalies. In order to further improve the
estimated DOVs using gravity anomalies along the ship route, one needs to update the
results using the given value of DOVs measured on the mainland and island. The measured
DOVs components include n0A, g
0
A on the mainland and n
0
B, g
0
B on the island. The DOVs
components which are estimated by the remove-restore theory and gravity anomalies are
nA, gA on the mainland and nB, gB on the island. Then the difference between n
0
A, g
0
A, n
0
B,
g0B and nA, gA, nB, gB are DnA, DgA,DnB and DgB, respectively. Supposing that the
differences between the ‘‘true’’ value of the DOVs along the ship route and the restored
DOVs components along the ship route are linear, the correction value of DOV compo-
nents for the i-th segment along the ship route are Dni ¼ DnA þ DnBDnASAB SAi and Dgi ¼
DgA þ DgBDgASAB SAi (Guo et al. 2013, 2014), in which SAB is the ship route distance
between A and B, SAi is the distance between A and the i-th segment along the ship route.
Then the final value of the DOV components n0i and g
0
i for the i-th segment of the ship
route are Dni þ ni and Dgi þ gi.
4 Case study
4.1 Practical case
There are two given orthometric height datums in this case where SLZ station is located on
the Qingdao coast and P004 station is located on the Caoyu Island (Fig. 3). The distance
between these two datums are longer than 1000 km. Here, we aim to connect the ortho-
metric height of these two datum points using the proposed method. The ship is equipped
with ship-borne GNSS and gravity meter. Starting from the SLZ station, we collected
gravimetric and GNSS data along the ship route for about 1,222.933 km. When the ship
reached the P004 station, it makes a round voyage along the same ship route to return the
SLZ station and also collects the gravimetric and GNSS data till the end of the voyage. To
assess the accuracy, the height difference between the SLZ station and P004 station was
measured beforehand with the precise spirit leveling method.
368 Acta Geod Geophys (2017) 52:357–373
123
Linear interpolation was used to process the ship-borne gravimetry and GNSS data to
get the leaving and returning values at the same location of the ship route. The data
processing of orthometric height connection across sea is shown in Fig. 4. According to
the analysis of Sect. 2.3, the measured ship-borne gravimetry and GNSS data were
segmented with the segment lengths of 2, 2.5, 5 and 10 km, respectively. One gravity
value in the middle of each segmentation was chosen to represent the mean gravity value
of this segment. So the ship route was divided into 610, 488, 244 and 122 segments,
respectively.
The Earth gravitational model EGM2008 is used to compute the covariance and cross-
covariance function in the estimation of the residual DOVs components along the ship
route. The number of used residual gravity anomalies j is equal to the number of computed
residual DOVs components k in a subgroup computation in Eq. (14). The values 4, 5, 6 and
7 are sequentially used for k in the residual DOVs components computation in a roundtrip,
the results are shown in Table 2.
Fig. 3 Orthometric height connection along the ship route
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4.2 Results and remarks
Table 2 lists the loop errors of orthometric height connection for different segmentation
lengths and k values. Here the loop error means the difference between the connection
results and the given leveling value. Table 2 shows that the loop errors are -296.8 to
-416.2, -226.7 to -504.5, -285.6 to -558.3 and -239.9 to -306.9 mm, corresponding
to the length of each segment 2.0, 2.5, 5 and 10 km, respectively. The loop errors are
relatively stable with different dimensions of covariance matrix when the segment length is
10 km, and the difference of the maximum error and the minimum error is only 67 mm.
When the distance of each segmentation is 2.5 km, the loop errors varied greatly with
Error correction 
Free-air correction 
Gaussian filter 
Collinear 
adjustment 
Ship-borne 
gravimetric data 
The high precision 
gravity  data on the 
sea surface 
Ship-borne GNSS 
ellipsoid  heights 
Epoch SSHs 
Ship route SSHs 
Orthometric height connection across sea with ship-borne 
gravimetry and GNSS measurement along the ship route 
Remove-restore technique 
SSHs 
Pose and draft correction DOVs 
Covariance and cross-
covariance functions 
between gravity 
anomalies and DOVs 
Spherical harmonic 
expansion of earth’s 
disturbing potential 
Least square 
collocation 
DTU10 
EGM2008 
Gaussian filter 
Fig. 4 The technology roadmap of orthometric height connection across sea
Table 2 Loop errors of height connection comparing with the precise spirit leveling method (unit in mm)
Length for each
segmentation
Value of
k or j
Loop
error
Length for each
segmentation
Value of
k or j
Loop
error
10.0 km 4 -282.2 4 -285.6
5 -306.9 5 -539.0
6 -239.9 5 km 6 -372.2
7 -285.5 7 -558.3
2.5 km 4 -226.7 4 -306.2
5 -477.9 5 -296.8
6 -504.5 2 km 6 -381.1
7 -428.1 7 -416.2
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different dimensions of covariance matrix and the difference between the maximum error
and the minimum error is up to 277.8 mm. The accuracy of the loop error can achieve
-226.7 mm when the length of each segmentation is 2.5 km and k value is 4 in this study.
Table 2 shows that the precision of height connection between datums across sea is
affected by the segment lengths besides errors of the computational DOVs and ellipsoidal
height differences along the ship route. The computational results are basically consistent
with the analysis of optimal partition number in Sect. 2.3. The analysis of height con-
nection across sea for 1000 km in Sect. 2.3 is conducted under the assumption that the
measurements of all segments are independent and the errors of DOVs and ellipsoidal
height differences are equal in each segmentation for the same segment length. Practically,
the errors of measurements are slightly different in different places. Additionally, the
covariance matrix with different dimensions will affect the precisions of computational
DOVs and thus will affect the precisions of the connecting orthometric height. The
computational results are different utilizing different dimensions of covariance matrix
under the same segment length. The variation is relatively small with long segment length
for different dimensions of covariance matrix, and vice versa.
5 Conclusions
The orthometric height difference between two datum points can be determined by the
geoid height difference of the two datum points, which can be calculated based on the
astronomical leveling principle. The key to connect the orthometric height across sea is the
precise DOVs determination. Traditionally, the astronomical geodetic method is used to
measure DOVs over land, but the process cannot be carried out on the sea surface because
of the dynamic sea environment. The DOVs can be measured precisely on the mainland
and island and also the high precision gravimetric data along the ship route on the sea
surface can be measured by the ship-borne gravimeter. The remove-restore technique is
used to remove the middle- and low-frequency parts of the gravity anomalies from the
processed sea surface gravity anomalies along the ship route. The residual DOVs which are
estimated from high frequency of the gravity anomalies in conjunction with model DOVs
restore the DOVs. The restored DOVs are updated by the measured high precision DOVs
located on the mainland and island in order to further improve the accuracy of DOVs along
the ship route. The astronomical leveling principle is used to determine the geoid undu-
lation difference between the mainland and island height datums. The relationship between
the difference of the geoid undulation, orthometric height difference and ellipsoidal height
difference are used to determine the orthometric height datum of the island. Finally, we
connect the height datums.
In this contribution, the formula of orthometric height connection across sea is derived
based on the astronomical leveling principle. The gravity anomalies and GNSS data are
measured with ship-borne gravity meter and GNSS instruments. A round trip following the
shortest route between mainland and island is made for the improvement of the accuracy of
the ship-borne gravities and GNSS ellipsoidal height. The Gaussian filter is used to remove
the data noise which is mainly caused by wind or wave and reduce the GNSS height to sea
level height and the gravities are reduced to the mean sea level. Through the error prop-
agation analysis, the effect of DOVs error and ellipsoidal height difference error is very
important for the height connection across sea. To improve the accuracy of DOVs along
the ship route, the remove-restore technique and LSC method are used. The co-variance of
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gravity anomalies and cross-covariance function between gravity anomalies and DOVs are
derived from the disturbing potential spherical harmonic expansion. Another important
factor for the accuracy of the orthometric height connection is the partition number.
Through analysis 122, 244, 488 and 610 are chosen respectively for partition number in the
test. The number of used residual gravity anomalies j and the number of computed residual
DOV components of k in a computation subgroup in Eq. (14) are equal to each other in the
practical test. The values of 4, 5, 6 and 7 are sequentially used for k in the residual DOV
components computation along the ship route in a round voyage. The astronomical leveling
principle is used to determine the difference of the geoid undulations between the mainland
and island height datums. The orthometric height of datum point B on island is determined
according to the relationship between the geoid undulation difference, orthometric height
difference and ellipsoidal height difference of datum points A and B. As an example, the
orthometric height datum point on Qingdao coast in Shandong Province of China is
connected to the datum point on Caoyu Island in Fujian Province of China. The ship route
distance between the two locations is about 1,222.933 km. The results indicate that this
method is efficient.
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